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SUMMARY
This paper presents a fault-tolerant adaptive control allocation scheme for overactuated systems subject to loss of effectiveness
actuator faults. The main idea is to use an ‘ad hoc’ online parameters estimator, coupled with a control allocation algorithm, in
order to perform online control reconfiguration whenever necessary. Time-windowed and recursive versions of the algorithm
are proposed for nonlinear discrete-time systems and their properties analyzed. Two final examples have been considered
to show the effectiveness of the proposed scheme. The first considers a simple linear system with redundant actuators and
it is mainly used to exemplify the main properties and potentialities of the scheme. In the second, a realistic marine vessel
scenario under propeller and thruster faults is treated in full details. Copyright q 2010 John Wiley & Sons, Ltd.
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1. INTRODUCTION
Actuator redundancy is one of the widely adopted
technical solutions for improving the reliability and
the regulation performance of many real systems and
it is of special interest in vehicular applications. In
the control system literature, several ways to handle
overactuated systems (i.e. systems with physical actuator redundancy) have been proposed. The classical
approach is that of resorting to multivariable optimal
control design techniques [1], which achieve both regulation and control distribution at the same time. More
recently, a different approach has become popular. It
consists of using possibly simpler control laws that
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specify only the total control effort that has to be
produced to compensate the system and, separately,
solving the so-called control allocation problem (CAP),
i.e. the one of suitably distributing the desired total
control effort over the available actuators. Owing to its
relevance, especially in flight control systems, CAP has
been deeply investigated in the last decade and several
methods have been proposed: Daisy chaining [2],
direct control allocation [3], convex optimization-based
algorithms [4–10] and pseudo-inverse-redistribution
methods [11, 12].
A key necessity in the development of overactuated
vehicular systems is to dispose of methods that exploit
efficiently such a physical redundancy in reconfiguring
the control strategies and being able to avoid, or at least
mitigate, the effects of actuator losses of effectiveness.
A popular way to ensure some level of control reconfiguration is through the use of adaptive control laws
[13–15]. An alternative approach, which will be investigated here, is via the solution of the so-called reconfigurable control allocation (RCA) problem [16–22].
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Figure 1. Control structure with allocation and control
performed separately.

The key idea is depicted in Figure 1 where supposedly
the control law has been designed on the basis of a
virtual system with a minimal number of inputs v(t). It
is assumed that the virtual inputs are fully equivalent to
the physical inputs u(t) in generating a desired control
effort. Then, an allocation unit distributes at each time
t the control v(t) on the physical actuators u(t), with
a law that is allowed to be time variant. Therefore, in
the case of actuator faults or during inefficient actuation situations, control reconfiguration is possible in
many cases by simply modifying the distribution of the
total control effort v(t) to the remaining full efficient
or healthy actuators in u(t). As a consequence, if the
reconfiguration times are short, small perturbations to
the closed-loop system dynamics result because of the
several ways to distribute the total control among the
available actuators, all of which equivalent in actuating
the desired control action.
The aim of this paper is to propose and discuss
a general adaptive control allocation scheme able
to solve RCA problems for nonlinear discrete-time
systems subject to the loss of effectiveness actuator
faults. Unlike other works on the topic, with the relevant exceptions of [19–22], an adaptive mechanism is
proposed so that the possible losses of effectiveness
are estimated online and the control allocation rule
recomputed consistently with actual data. One of
the main advantages of this approach is that, after
a short reconfiguration time and whenever possible,
the nominal behavior of the plant is restored by only
acting on the control allocation rules and without
reconfiguring the control laws. As a consequence, the
control laws need not do any action to counteract
the fault occurrence. Such a property is particularly
desirable in all the cases where model-based control
strategies are employed.
By following such a design philosophy, two
different adaptive allocation algorithms adopting a
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time-windowed and a least-mean-square recursive
estimation, respectively, will be proposed. Their main
properties will be analyzed giving particular emphasis
on the technical expedient that has to be employed
to ensure the persistence of input excitation, a fundamental requirement for achieving consistent estimation
results. For simplicity, the theory is outlined in a
disturbance-free scenario and without considering
model uncertainty. Although all theoretical issues
related to the robustness properties of the algorithm
are remanded to future studies, some discussion is
provided and disturbances are considered in the final
example.
The paper is organized as follows: the problem is
stated in Section II. In Section III an adaptive allocation scheme is presented, two different versions of
the algorithm are proposed and their properties summarized. Finally, two numerical examples are reported in
Section IV and some conclusions end the paper.

2. PROBLEM STATEMENT
2.1. Control allocation problem
Let us consider plants whose dynamics is described
by the following nonlinear discrete-time state space
equation
x(t +1) = a(x(t))+ Bu (x(t))u(t),

(1)

where x(t) ∈ Rn is the state vector and u(t) ∈ Rm
the control input; a(x) ∈ Rn and Bu (x) ∈ Rn×m are
nonlinear state-dependent functions. The following
assumptions are considered:
(1) The matrix Bu (x) is column-rank deficient:
Rank (Bu (x)) = k<m, ∀x ∈ Rn .
(2) The input signal u(t) belongs to a compact set
, i.e.
u(t) ∈ := {u ∈ Rm |u − uu + },

(2)

−
+
m
− T
+
where u − := [u −
1 , u 2 , . . ., u m ] ∈ R , u :=[u 1 ,
m
+ T
−
+
u+
2 , . . ., u m ] ∈R and u uu is an element−
+
wise inequality, i.e. u i u i u i , i = 1, . . ., m.
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Assumption 1 allows one to define an equivalent
representation of the plant (1)
x(t +1) = a(x(t))+ Bv (x(t))v(t),
Bv (x(t))v(t) = Bu (x(t))u(t),

(3)
(4)

where v(t) ∈ Rk is the virtual control input and Bv (x) ∈
Rn×k is a matrix whose columns form a basis for the
subspace spanned by the columns of Bu (x). Hereafter,
the state space equation (3) will be referred to as the
virtual plant, while (4) is the parity equation of the
system and defines the analytical relationship between
the virtual and the physical inputs. Note that, in such
a scheme, the virtual control input v(t) represents the
desired total control effort that one wants to apply to the
plant. In the sequel, we will assume that such a signal
v(t) is provided at each time instant by the control
law. On the basis of the system description (2)–(4), the
following problem can be stated:
Control allocation problem (CAP): Given a virtual
input v(t) ∈ Rk , compute a physical input u(t) ∈ Rm
such that (2) and (4) are satisfied.
Such a problem has been extensively studied in the
recent past and numerical procedures for its solution
have been proposed [2–12]. Note that:
• Many previous works on the topic rearrange equation (4) as follows:
v(t) = B(x(t))u(t),

(5)

where B(x) ∈ Rk×m is defined such that Bu (x) =
Bv (x)B(x), ∀x ∈ Rn .
• CAP could not admit any solution due to the actuator saturation constraints (2). In such a case, CAP
can be relaxed by requiring to compute a command
u(t) such that Bu (x(t))u(t) is somehow close to
Bv (x(t))v(t) (e.g. by minimizing at each time
instant the numerical value of Bu (x(t))u(t)−
Bv (x(t))v(t)).
• The analytical redundancy property, i.e. Rank
(Bu (x)) = k<m, implies that in principle it may
exist more than one admissible command u solutions of CAP. This implies that CAP provides a
further degree of freedom that can be exploited
to comply with other specifications besides the
CAP requirements.
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• The analytical redundancy assumption contains an
uniform rank condition Rank(Bu (x)) = k, ∀x ∈ Rn ,
with respect to all values of the state. Such
an assumption is not fully general and it is
considered here for the sake of simplicity and
generality. Customizations of the proposed method
to plants with rank-varying input matrices, e.g.
Rank(Bu (x))k, ∀x ∈ Rn , are possible under
certain conditions and could deserve further
consideration because of their industrial relevance. For example, such systems include vehicles
with speed-dependent actuator authority (marine
rudders, aircraft deflection surfaces, etc.) which,
for zero velocities, may have no effect on the
system dynamics.
A common way to solve CAP at a generic time instant
t is that of solving the following constrained quadratic
optimization problem:
u(t)  arg min s2Q s +u2Ru ,
s,u

Bv (x(t))v(t) = Bu (x(t))u +s, u ∈ ,

(6)

where Q s >0 and Ru >0 are suitable weighting
matrices. The slack variable s is used to enlarge the set
of solutions in the parity equation (4) and it enables the
achievement of approximated allocation rules in the
case actuator constraints u ∈ , which prevent a perfect
allocation of the virtual command. Of course, when
such a term is zero, a perfect allocation is achieved.
Notice also that the penalty term imposed on the
control signal u in (6) is optional and may be used,
when many equivalent solutions exist, to set preferences among the physical actuators in distributing the
total control effort or to accomplish some secondary
objective. It is finally worth remarking that, as pointed
out in [23], the use of such a penalty term allows one
to achieve (even in the case of using a small weight)
the positive side effect of avoiding discontinuities in
the allocation maps, acting as a regularization terms.
It is well known that a simple explicit analytical solution to the above optimization problem can
be found for the unconstrained case by means of
classical pseudo-inverse arguments. On the contrary,
explicit solutions to constrained control allocation
problems have been recently obtained by means of
Int. J. Robust Nonlinear Control (2010)
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multi-parametric programming in [10] only for the
case of constant input matrices Bu (x) = Bu . Other
computationally efficient constrained control allocation
methods presented in the literature (e.g. the active set
method presented in [7]) have been developed under
the same limitative condition. Up to our best acknowledgment, no computationally fast control allocation
methods considering time-varying input matrices exist
in the literature. However, it is important to highlight
that, even whenever applicable, such explicit methods
are usually very hard to be exploited for reconfiguration purposes because the computational efficiency
of those kind of explicit and semi-explicit approaches
is usually paid in terms of the reduction of flexibility
(see [10]).
2.2. Fault modeling
For simplicity we will restrict our attention to the class
of faults described by variations in actuator effectiveness. Such a kind of fault can naturally be represented
as a multiplicative term. Additive effects could also be
accommodated within this approach but they will not be
considered here for brevity. The system under analysis
can then be rewritten as follows:
x(t +1) = a(x(t))+ Bu (x(t))(t)u(t),

(7)

(t) = diag{1 (t), 2 (t), . . ., m (t)}

(8)

where

is the so-called Effectiveness Matrix. Each term on
the main diagonal i (t) ∈ R, i = 1, . . ., m is a slowly
varying piecewise constant sequence representing the
effectiveness of any single actuator. Intuitively, condition 0i (t)1 should be assumed or enforced during
the identification phase. In that case, in the absence of
faults one would have (t) = I as a nominal operating
condition. However, there are situations where it could
be convenient not considering such conditions. See next
Remark 2 for more details.
By taking into account (8), the parity equation introduced in (4) can be rewritten as
Bv (x(t))v(t) = Bu (x(t))(t)u(t)
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(9)

and the problem we want to address can be stated as
follows
F-Tolerant control allocation problem (F-TCAP):
Given a virtual input v(t) ∈ Rk , find a physical input
u(t) ∈ Rm such that (2) and (9) hold true.

3. A GENERAL ARCHITECTURE
FOR ADAPTIVE CONTROL ALLOCATION
ALGORITHMS
It can be observed that the knowledge of the effectiveness matrix (t) would make F-TCAP equivalent to
the simpler CAP problem. This allows us to propose the
following adaptive two-step method to solve F-TCAP
at each time t:
ˆ
Step 1: Compute the diagonal matrix (t),
the best
estimate of (t) at time t, based on the past records of
system’s measures.
Step 2: Solve CAP, defined in (2) and (9),
by assuming (certainty equivalence hypothesis)
ˆ
(t) = (t).
There exists a huge amount of literature on online
parameter estimation and allocation problems that can
be used here. Many of the existing algorithms solving
the two problems can be arranged within the above
general scheme.
However, it is worth pointing out that the above
two steps affect each other and, as a consequence, the
properties of the overall algorithm have to be carefully
studied. In particular, conditions ensuring the convergence of the estimates have to be carefully considered.
In fact, it is well known (see e.g. [13, 24]) that all
estimation algorithms require the fulfilment of minimal
excitability conditions on the inputs to ensure the unbiased convergence. A popular way to satisfy this condition is that of injecting into the system artificial dithers
(noise) so as to force the input signals to be persistently exciting. This may result in a deterioration of the
dynamical behavior and particular care will be devoted
to the minimization of this side effect. In our case, such
side effect can be substantially reduced by:
• Performing a ‘smart dither generation’, capable
to exploit as much as possible the actuator
Int. J. Robust Nonlinear Control (2010)
DOI: 10.1002/rnc

FAULT-TOLERANT ADAPTIVE CONTROL ALLOCATION SCHEMES

redundancy in order to minimize the undesired
system behaviors.
• Exploiting the convergence properties of the estimation algorithm, coupled with a fault detection
logic, in order to inject such a dither ‘only when
it is needed’.
In next section we will introduce and study two versions
of the above scheme. The first is a time-windowed algorithm whose properties will be analyzed in full details.
The second is a least-mean-squares recursive version
of the former. Because its convergence properties are
well known in the literature, only a short discussion is
provided for space limitations.

least-squares problems:
ŝi (t)  arg min

N


si , i=1

si 2Q i (t −i +1)−a(x(t −i))

ˆ −1)]u(t −i)
−Bu (x(t −i))[+ (t
= si ,

i = 1, . . ., N

and, once ŝi (t), i = 1, . . ., N are obtained,
ˆ  arg min vect()2 x(t −i +1)−a(x(t −i))
(t)
R


ˆ
−Bu (x(t −i))[+(t−1)]u(t−i)
= ŝi (t) i=1, . . ., N,

3.1. Time-windowed two-step algorithm
Here, we introduce a very simple two-step algorithm
based on the idea of a moving time-windowed parameter estimation. The properties of such an approach
will be described and proved by quadratic programming arguments and will be exploited to propose the
use of expedients for ameliorating its reconfiguration
capabilities. The two steps defining the algorithm are:
ˆ
Step 1: Estimate of (t):
In order to estimate the
effectiveness matrix, it is convenient to rewrite all in
terms of the incremental matrix
ˆ
ˆ
ˆ −1)
(t)
(t)−
(t

(10)

defined as the diagonal matrix
ˆ
diag{ˆ
1 , ˆ 2 , . . ., ˆ m } ∈ Rm×m
of the loss of effectiveness actuator increments ˆ i (t) =
ˆ i (t)− ˆ i (t −1), i = 1, . . ., m.
We are interested in algorithms able to detect
constant or slowly varying loss of effectiveness actuˆ
ator faults. This corresponds to estimate a matrix (t)
that ‘matches as much as possible’ the plant measured
signals in the last N time instants, with N arbitrarily
chosen. To this end, we will search solutions that
ˆ In principle, such a strategy
minimize the entries of .
corresponds to the sequential solution of the following
Copyright q
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(11)

(12)

where vect() = [1 , 2 , . . ., m ]T ∈ Rm and si ∈ Rn , i =
1, . . ., N are slack vectors and R = R  >0 and Q i =
Q i >0, i = 1, . . ., N are consistent weighting matrices.
ˆ
ˆ = (t
ˆ −1)+ (t)
ˆ
Step 2: Given (t),
compute (t)
and solve the following CAP:
u(t)  arg min s2Q s +u2Ru
s,u

ˆ
Bv (x(t))v(t) = Bu (x(t))(t)u
+su ∈ 

(13)

where s ∈ Rn is the parity slack vector and Q s = Q s >0,
Ru = Ru 0 are consistent weighting matrices. In order
to force the slack vector to be as small as possible,
usually Q s  Ru is chosen.
Remark 1
From a practical point of view, a numerical approximation to the sequential solution of (11) and (12) can
be obtained by minimizing
ˆ  arg min
(t)

N


si , i=1

si 2Q i

+vect()2R x(t −i +1)−a(x(t −i))
ˆ
−Bu (x(t −i))[+(t−1)]u(t−i)
= si ,

i=1, . . ., N

providing that Q i  R, i = 1, . . ., N .

(14)
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Remark 2
In many real cases it may seem natural, in order to
avoid the occurrence of anomalous estimations, to add
to problem (14) further inequalities forcing the effecˆ
tiveness matrix (t)
to be bounded between a minimum
value and a maximum value:
ˆ −1)max .
min + (t
It seems natural, for instance, the case where we
consider min = 0 (the effectiveness matrix has to
be positive) and max = I (the effectiveness of each
actuator is at most its nominal value). However, it is
worth to remark that inequality constraints typically
implies considerable additional computational burdens
to the QP problems. For such a reason the use of the
above additional constraints is rarely recommended.

Remark 3
As long as the optimization problems (11), (12), (13)
and (14) are QPs, efficient online algorithms can be
used in order to maintain the online numerical burden
low. In particular, due to the absence of inequality
constraints, the optimization problems related to the
Step 1 of the algorithm can be solved by means of
analytical pseudo-inverse-based arguments. A bit more
involved situation regards Step 2 where, if the input
is constrained, semi-explicit or active sets algorithms
(see [7, 12]) can be eventually arranged to obtain a fast
allocation.

Hereafter, we will investigate the properties of the
proposed algorithm in the disturbance-free case for a
slowly varying piecewise-constant effectiveness matrix.
⎛
⎜
M N (t) = ⎝

is assumed, where  = diag{1 , . . .m } is a constant
diagonal matrix corresponding to the actuators loss of
effectiveness after the fault event. The aim is to analyze
the asymptotical properties of the R-weighted estimation error

ˆ
e R (t) = vect((t)−
) R

(16)

and the conditions for its finite-time convergence to
zero. It is reasonable to argue that, as for many other
estimators, the convergence of the proposed algorithm
strongly depends on the nature of the input signals.
Such a dependence, in particular within a closed-loop
embedding, can yield to a partially uncorrected or
biased estimates (see [13]). The following result can
be stated.
Proposition 1
Let the overactuated system (7) and the corresponding
virtual plant (3)–(9) be given. Let also the two-step
algorithm (11)–(12), (13) be performed under the occurrence of the fault event described in (15). Then:
(1) for t>t  + N , the weighted estimation error

ˆ
e R (t) = vect((t)−
) R is a monotonically
nonincreasing sequence, i.e. e R (t +1)e R (t);
(3) if it exists a certain time t ∗ >t  + N such that the
estimation error is zero, i.e. e R (t ∗ ) = 0, then it will
be zero from t ∗ onward, i.e. e R (t) = 0, ∀tt ∗ ;
(2) in the general case it cannot be ensured that e R (t)
converges to zero. Such a convergence strictly
depends on the time history of u(t);
(4) a sufficient condition for e(t ∗ ) = 0, for some
t ∗ >t  + N is that rank{M N (t ∗ )} = m, where
M N (t) ∈ RN n×m is the matrix

Bu (x(t −1))diag{u 1 (t −1), . . ., u m (t −1)}
...

⎞
⎟
⎠;

(17)

Bu (x(t − N ))diag{u 1 (t − N ), . . ., u m (t − N )}
To this end, we focus on the case that a single fault
event occurs at time t  . Then, the following history of
the effectiveness matrix
(t) = I,
(t) =  ,
Copyright q
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(15)

(5) if Bu (x) = Bu is a constant matrix such that all its
columns Bu, j , j = 1, . . ., m are nonzero, a sufficient condition ensuring rank{Mm (t)} = m is
rank{Um (t)} = m,

(18)
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where the matrix U N (t) ∈ Rn×m is
⎞
⎛
u 1 (t −1) . . . u m (t −1)
⎟
⎜
...
...
U N (t) = ⎝ . . .
⎠.
u 1 (t − N ) . . . u m (t − N )
(19)
Proof
Without loss of generality we can assume R = I (being
R>0). In fact, it is always possible to scale the system
so as x2R = R 1/2 x2 . To prove item (1), we will
first show that, under the prescribed assumptions and
for t>t  + N , any optimal solution to the optimization
problem (11) requires the slack variable to be zero:
si = 0, i = 1, . . ., N . To show this, it is enough to note
that, because of the form of the fault event (15), for
t>t  , the plant (7) becomes
x(t +1) = a(x(t))+ Bu (x(t)) u(t),

(20)

where the effectiveness matrix  is constant. Being
(20) the system equation for t>t  , we can note that
for any t>t  + N the exact parameter increment estiˆ −1), is a feasible solution
mation, i.e.  (t) − (t
for the optimization problem (11) whose optimal cost
is zero. Being the cost functional of (11) positive semidefinite, this implies that the exact estimation is one
of the possible optimal solutions for (11). As a consequence, any optimal solution of such a problem has a
zero cost and, in turn, si = 0, i = 1, . . ., N , necessarily
results. For the sake of clarity, it is worth to remark that
in the general case the optimal solution of (11) is not
unique and that the set of matrices  providing the cost
to be zero can be characterized in terms of the following
nonempty affine subspace of variables 1 , . . ., m :
S(t) = {[1 , . . ., m ]T ∈ Rm |M N (t)[1 , . . ., m ]T
= [(1), . . ., (N )]T },

(21)

where M N (t) is the matrix defined in (17) and the error
vectors (i) ∈ Rn are defined as
(i) = x(t −i +1)−a(x(t −i))− Bu (x(t −i))
ˆ −1)u(t −i),
×(t
Copyright q
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(22)

Figure 2. A geometrical representation of
Proposition 1’s proof.

In this viewpoint, the role of the successive optimization problem (12) for t>t  + N is the one of selecting,
among all members of S(t), the vector that guarantees
vect() to be as low as possible. Further, in order to
prove the monotonicity properties of e(t) for t>t  + N it
is enough to note that the following two cases can occur:
• 0m×1 ∈ S(t). Then, because of the minimization
ˆ = diag{0, . . ., 0},
in (12), the optimal is trivially 
which implies e R (t) = e R (t −1).
ˆ
/ S(t). Then, the optimal solution vect()
• 0m×1 ∈
will be the tangent point between the hypersphere
ˆ and the affine subspace S(t)
of radius vect()
(see Figure 2). Notice that the radius is measured
ˆ orthogon the segment between 0 and vect()
onal to the affine subspace S(t). Moreover, notice
ˆ and the true
that both the optimal solution vect()


ˆ
ˆ
value vect( ) = vect( − (t −1)) belong to the
affine subspace S(t). This implies that the radius
ˆ and the segment vect(),
ˆ vect( ) are
0m , vect()
orthogonal. Therefore, by right triangle inequality,
one can conclude that

ˆ
e R (t) = vect((t)−
) R

ˆ
= vect(−
) R

< 0−vect( ) R

ˆ
= vect((t−1)−
) R

= e R (t −1).

(23)

The monotonicity of e R (t) implies, as a direct consequence, item (2). A possible way to prove item (3) is
Int. J. Robust Nonlinear Control (2010)
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by remarking that there is no warrantee that at each
time instant new information is provided by the matrix
M N (t). Then, the case 0m×1 ∈ S(t) may not always
result. To prove item (4), it is enough to note that if
rank{M N (t ∗ )} = m, then (21) admits a unique solution
that, because of the above considerations, corresponds
to the exact estimation. Finally, item (5) can be obtained
by directly manipulating the matrix (17).

Remark 4
The above properties suggest the importance of using
the horizon N as a design parameter for the proposed
algorithm. In fact, picking a small value of N corresponds to have few or no information at all and, in
turn, no good estimation results. On the contrary, a
too large value of N gives rise to long computations
and reconfiguration times after a fault occurrence.
This is due to the fact that the estimation algorithm,
in the temporal window t  <t<t  + N after the fault
occurrence say at t  , works on samples that are a mix
of pre-fault and post-fault data. Only after time instant
t  + N , all data refer only to the post-fault situation.
For such a reason, before time instant t  + N the
presented algorithm cannot obtain a reliable unbiased
estimation. A lower bound for N is given by m/n ,
being N = m/n the necessary (but not sufficient)
dimension to have a correct effectiveness matrix estimation in a window of N samples (rank(M N (t)) = m).
However, it is highly recommended to choose a value
for N larger than such a lower bound for increasing
the noise filtering capabilities of the estimation algorithm, which improve by increasing N . Extensive
simulations on different plant structures have shown
that, in many cases, a good practical choice for N is
2mN 4m.

Proposition 1 shows that, even if the proposed algorithm presents some monotonic behaviours, there are
not, in general, guaranteed properties of convergence
to the exact estimation. A way to overcome this drawback is by exploiting the algorithm properties in order
to generate (whenever is necessary) a dither able to
guarantee that rank(M N (t)) = m for a certain t>t  + N
and then forcing the convergence of the estimation
algorithm in a finite number of steps, possibly minimizing the side effects on the dynamics. Then, the
Copyright q
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idea is to:
• detect the occurrence of anomalous events in order
to start the dither injection;
• once the fault is detected, inject a ‘smart’ dither
for a finite and known number of steps ensuring
the estimation convergence.
A way to detect a fault event consists of testing if
r >εthr , where r is the residual generated, e.g. by an
appropriate fault detection and identification module
and εthr a convenient threshold. A possible residual
signal for the nominal case under analysis is
r = max (i)22 ,

(24)

i=1,...,N

where (i) is defined in (22).
Once the fault occurrence has been detected, say
at time t , we have to generate a dither ensuring
that, after a certain number of steps, the estimation process converges. By exploiting Proposition 1
results, under the hypothesis the columns of Bu (x)
are nonzero ∀x ∈ Rn and by assuming N >m, we
will use, for the first N steps after time instant t  ,
a modified two-step procedure. First, we will delete
all lines of M N (t) generated before the fault occurrence and we will consider a new matrix Mt−t  (t) ∈

R(t−t )n×m instead of M N (t). Then, step-by-step, we
will generate an input signal such that, at the next step,
the rank of Mt−t  +1 (t+1) is increased, where
Mt−t  +1 (t +1)
:=

Mt−t  (t)
Bu (x(t − N ))diag{u(t)}

.

(25)

Synthetically, we will use the following modified Step 2:
u(t)  arg min s2Q s +u2Ru Bv (x(t))v(t)
s,u

ˆ
+s
= Bu (x(t))(t)u

Rank

Mt−t  (t)
Bu (x(t))diag{u}

 min{Rank{Mt−t  (t)}
+1, m}u ∈ .

(26)
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Please note that, at the next step, the matrix

Mt−t  +1 (t +1) ∈ R(t−t +1)n×m consists of n new lines,
added to Mt−t  (t) and depending on u, which allow
one to possibly increment the rank by selecting a
proper u. Then, the overall strategy becomes:
Modified time-windowed strategy:
• if (r <εthr )
given x(t)
Step 1: solve (11) and (12)
Step 2: solve (13)
use the computed u(t)
• else
for the next N steps:
given x(t)
Step 1: solve (11) and (12)
substituting M N (t) with Mt−t  (t)
Step 2: solve (26)
use the computed u(t)
Remark 5
Note that the rank condition in (26) is nonconvex
and hard to be recast within convex optimization
paradigms. For such a reason, in practice, sufficient
conditions enforcing the rank growth have to be used.
A possible approach is that of forcing the new lines of
Mt+1−t  (t +1) to be linear combination of those in
Mt−t  (t), with at least one vector belonging to the null
space of Mt−t  (t). This can be achieved by solving,
instead of (26), the following optimization problem:

(5) in Proposition 1, the latter can be done in a particularly efficient way in the case in which the input matrix
is constant, i.e. Bu (x) = Bu , because matrix Mt (t) can
be replaced by matrix Ut (t). In this case, the above
problem (27) simplifies into:
u(t) arg min s2Q s +u2Ru
s,u,i ,i

ˆ
Bv v = Bu (t)u
+s
u=

 −t
t

i u(t −i)+

m−rank{U
t−t  (t)}

i=1

i=1

(28)

i Keri {Ut−t  (t)}
[1 , . . ., (m−rank{Ut−t  (t)}) ]T = 0
u ∈
Obviously to obtain convex optimization procedures,
the inequations in the above optimization problems
have to be relaxed into some sufficient conditions such
as, for instance, by imposing some coefficient i to be
bigger than an appropriate threshold. Finally, as far as
the numerical implementation is concerned, it is worth
pointing out that the above theoretical rank-based
conditions have to be slightly modified. In fact, in order
to obtain reliable estimates we need well-conditioned
matrices. This can be achieved by resorting to
singular value decomposition (SVD) arguments. First, a

u(t) arg min s2Q s +u2Ru
s,u,i ,i

ˆ
Bv (x(t))v(t) = Bu (x(t))(t)u
+s
⎤
⎡rank{M  (t)}
m−rank{Mt−t  (t)}
t−t


1,i Imi {Mt−t  (t)}+
, 1,i Keri {Mt−t  (t)}⎥
⎢
⎥
⎢
i=1
i=1
⎥
⎢
⎥
⎢
Bu (x(t))diag{u} = ⎢
...
⎥
⎥
⎢rank{M  (t)}
m−rank{M
t−t
⎦
⎣

t−t  (t)}
n,i Imi {Mt−t  (t)}+
, n,i Keri {Mt−t  (t)}
i=1

(27)

i=1

[1,1 , . . ., 1,(m−rank{Mt−t  (t)}) . . .n,1 , . . ., n,(m−rank{Mt−t  (t)}) ]T = 0
u ∈
where Imi (Mt−t  (t)) and Keri (Mt−t  (t)) represent the
ith vector of the image (range) and of the Kernel (null
space) of Mt−t  (t), respectively. By resorting to item
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‘practically’ good kernel basis can be computed by
selecting the set of vectors associated with a certain
number of ‘small’ singular values, e.g. the ones under a
Int. J. Robust Nonlinear Control (2010)
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certain reasonable threshold chosen with respect to the
actual maximum singular value. Then, in order to force
an useful rank growth we need to impose that in the
new appended lines at least one vector of the Kernel is
‘sufficiently strong’ to perturb enough the SVD of the
new matrix. A practical way to achieve such a result
can be obtained by forcing some coefficients i to be
big enough w.r.t. some thresholds based on the actual
maximum singular value.

Remark 6
A different and computationally convenient expedient
can be adopted in order to obtain good and fast
converging estimates without using the rank condition
in (26). It consists of adopting a suitable time-varying
weighting sequence of Ru ’s for a sufficiently long
time after the fault event. Even if such a solution does
not guarantee strong convergence results, as the dither
generation method presented above, it has proved to be
a very efficient solution in many practical applications.

3.2. Recursive least-mean-square algorithm
A recursive least-mean-square F-TCAP algorithm can
be obtained by modifying the step 1 of the previously
algorithm. To this end, rewrite (7) as follows:
x(t) = a(x(t −1))
+Bu (x(t−1))U (t−1)(t−1),

(30)

where y(t) = x(t)−a(x(t −1)) is the measure and
T (t) = Bu (x(t −1))U (t −1) is the linear regressor.
Then, the variable  has to be estimated through a
recursive least-mean-squares algorithm
ˆ t = ˆ t−1 + K t εt

(31)

K t = Pt (t)

(32)
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+T (t)Pt−1(t))−1 T (t)Pt−1],

(33)

where Pt >0 denotes the covariance matrix at the
generic instant t,  ∈ [0, 1] is the forgetting factor,
ˆ t is the estimate of  obtained at time t and εt =
y(t)−T (t)t−1 denotes the generated residual. For
the main properties of least-mean-squares algorithms
the reader is referred to [13, 24] and [25].
In an attempt to compare the two estimation algorithms some remarks are in order. First of all, unbiased asymptotical convergence usually results in the
disturbance-free case or when the exogenous input is
an equally distributed zero mean noise only in the presence of an adequate persistence of excitation. However,
results on finite-time convergence are not available even
for the nominal case. A common solution, in order to
ensure persistence of excitation is to inject (when not
already present) artificial noise into the system. Here
it is important to note that, because of the presence
of the allocator block, such an excitation persistence
has to be imposed on the real vector input u and not
just on the virtual input v. This implies that, even in a
noisy environment, a further dither has to be added in
order to enable the capability to distinguish fault events
among similar actuators. This can be achieved in an
orthogonal way w.r.t. the system dynamics by using
a properly time-varying input weighting matrix Ru as
discussed in the above Remark 6.

(29)

where U (t −1) = diag{u 1 (t −1), . . ., u m (t −1)} is the
diagonal matrix of control inputs and (t −1) =
[1 (t −1), . . ., m (t −1)]T is the unknown vector of the
effectiveness parameters. This allows one to recast the
problem in a classical regressor form [25]:
y(t) = T (t)(t),

Pt = −1 [Pt−1 − Pt−1 (t)(Im×m

Remark 7
One of the challenges in control reconfiguration techniques exploiting online parameter estimation lies in
the ability to distinguish system behavior anomalies
due to disturbances and model uncertainty from those
really imputable to faults or actuator effectiveness variations, see [24] and [26]. In particular, the problem of
achieving unbiased estimates in the presence of disturbances is here of relevance. The problem is very hardly
solvable in the general case without any a priori knowledge on the nature of the disturbances. Under zeromean stationary stochastic uncorrelated disturbances
(white noise), LMS or Kalman filters enjoy some level
of robustness and are able to achieve unbiased estimation [13]. While interesting from a theoretical viewpoint, such an assumption may be too simplistic in
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Figure 3. Unstable linear example—state and reference without (UP) and with (BOTTOM) F-TCAP.

many real applications where typically the disturbances
are biased, strongly correlated if no deterministic and
may have spectral components ranging from low to high
frequencies. In such cases, ad hoc robust identification schemes should be used depending on the specific
case of study. Examples of robust identification techniques include [27], where the spectral knowledge of
the disturbances is used to filter out their effect on the
dynamics. In [28], a two-stage Kalman filter is proposed
to reject unknown constant disturbances (bias) from the
estimates. Along the same methodological lines, it is
worth citing [29], where an adaptive algorithm for the
rejection of unbiased periodic disturbances of unknown
period is presented and [30], where the same idea has
been extended to take care of biased sinusoidal disturbances. Other techniques, often referred to as ‘disturbance observer’ methods, assume the knowledge of a
dynamical model of the disturbance and consider it as
Copyright q
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an augmented state to be estimated [31–33]. Several
technological applications revealed the effectiveness of
the above approaches [34–36]. Future extensions of the
present work will be carried out along such directions.
For the sake of completeness, let us finally mention
the fact that, even if no easily theoretically provable,
evidence exists from examples that the ‘windowed’
algorithm presented in the previous subsection shows
some practical filtering ability.


4. EXAMPLES
4.1. Linear unstable model
Consider the following linear model:
x(t +1) = Ax(t)+ Bu (t)u(t),

(34)
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Figure 4. Unstable linear example—physical inputs u(t) without (UP) and with (BOTTOM) F-TCAP.

where x ∈ R is the state vector and u = [u 1 , u 2 , u 3 ]T ∈
R3 the physical input vector subject to the constraints
−5u i 5i = 1, . . ., 3. Moreover, A = 1.2, Bu = [111]
and (t)
(t) = diag{1, 1, 1},

t<180

(t) = diag{1, 1, 0},

180t<320

(t) = diag{1, 0.5, 0},

(35)

t320

consists of a sequence of two faults, the first occurring at time t = 50 when the effectiveness of the third
actuator becomes zero. This first fault is followed, at
time t = 225, by a 50% reduction of the effectiveness
of the second actuator. The virtual input matrix Bv = 1
Copyright q
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and the virtual control law K = −0.6 have been chosen.
In order to evaluate the proposed adaptive strategies,
the example has been simulated under three different
configurations:
• CAP—The CAP problem is solved at each time
instant without any estimation of the current effectiveness matrix. The nominal full healthy effectiveness matrix is assumed.
• LMS F-TCAP—The F-TCAP scheme is implemented with the estimation accomplished by a
recursive least-mean-squares estimator with a
forgetting factor  = 0.90.
• WIN F-TCAP—The F-TCAP scheme is implemented with the estimation accomplished by the
Int. J. Robust Nonlinear Control (2010)
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Figure 5. Unstable linear example—virtual inputs v(t) without (UP) and with (BOTTOM) F-TCAP.

proposed time-windowed strategy on a temporal
window of length N =9 and weighting matrices
Q i = 105i = 1, . . ., N and R = 0.1I3×3 .
In order to force the estimate convergence of the
WIN F-TCAP method, a dither generation policy
is implemented accordingly to the modified timewindowed strategy described in Section 3. In particular, the conditioning phase described in (28) has
been used by relaxing the inequality condition
[1 , . . ., m−rank{Ut−t  (t)} ] = 0 with its sufficient condition
1 1
and by selecting, as a basis of the Kernel, the columns
of the right matrix of the SVD decomposition of Ut−t 
corresponding to singular values lower than 10−7. On
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the contrary, for the LMS F-TCAP algorithm, a dither
is generated, whenever necessary, by adding periodical
perturbations to the input allocation weighting matrix
Ru = I3 , i.e.
Ru = I3 +diag{0.5, 0, 0} if t mod3 = 0
Ru = I3 +diag{0, 0.5, 0} if t mod3 = 1
Ru = I3 +diag{0, 0, 0.5} if t mod3 = 2,
where tmod3 is the reminder of the integer division t/3. For both algorithms, the dither injection is governed by the logic (24) with threshold
εthr = 10−5. Simulation results on plant evolutions,
actuators’ usage, control reconfiguration and estimation quality are reported in next Figures 3–7 for a
Int. J. Robust Nonlinear Control (2010)
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Figure 6. Unstable linear example—parameter estimation with LMS F-TCAP (UP) and with WIN F-TCAP (BOTTOM).

square wave tracking problem from an initial state
x(0) = 0.
Figures 3–5 report, respectively, the state, the physical and virtual input closed-loop evolutions achieved
with (BOTTOM) or without (UP) the use of F-TCAP
strategies. In particular, in Figure 3 it is easy to note
the effectiveness of the two F-TCAP methods in
reconfiguring the control effort after a fault occurrence.
Correspondingly, Figures 4 and 5 report the physical
and virtual input evolutions. It is worth noticing how
signals related to failed actuators smartly change, after
a short reconfiguration time in which a proper dither
is injected (see just after time t = 180 s and t = 320 s),
coherently with the new estimated actuator effectiveness. On the contrary, if no estimation were performed,
all input signals would change uniformly and the
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tracking performance would be lost. This behavior can
be better explained in Figure 5, where the virtual inputs
v are shown in both cases. In the (BOTTOM) part is
possible in fact to remark how, unlike in the (UP) part,
the control law behavior is not influenced by the faulty
events, apart around the time instants of fault occurrences, and the steady-state values of the output remain
unchanged.
It is also worth noticing that the WIN F-TCAP algorithm achieves better reconfiguration results. As highlighted in Figure 6, this is due to a faster parameter
estimation. Finally, in Figure 7, (UP) the estimation
ˆ
error e R (t) = Vect((t)−(t))
R and (BOTTOM) the
difference between the desired total control effort and
the actuated one, i.e. Bu (t)u(t)− Bv v(t), is reported
for the two proposed F-TCAP algorithms. Those are
Int. J. Robust Nonlinear Control (2010)
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Figure 7. Unstable linear example—(UP) parameter estimation error e R (t)) and (BOTTOM) parity equation, viz. the
gap between actuated total control effort Bu (t)u(t) and desired total control effort Bv v(t).
y

4.2. An overactuated marine vessel

v

r
u

φ

x

Figure 8. Overactuated marine vessel—A schematic of a
marine vessel.

two important indexes to evaluate the estimation and
reconfiguration performances, the lower the better (at
zero one has exact estimation and allocation). Notice
in this viewpoint, how WIN F-TCAP performs slightly
better than the LMS-based algorithm.
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We consider here the ship model presented in [37]
and [38]. Earth-fixed positions (x, y) and yaw angle
 (see Figure 8) are represented by the vector =
[x, y, ]T and the body-fixed velocities are expressed
by = [v, u,r ]T , where v is the forward velocity (surge),
u the transverse velocity (sway) and r the angular
velocity in yaw (rate of turn). In order to normalize the
variables, the following bis-scaling change of variables
is accomplished:
= diag{L, L, 1} 



= diag{ gL, gL, g/L}



(36)

where g is the gravity acceleration and L the length
of the ship. Time was bis-scaled too and the resulting
Int. J. Robust Nonlinear Control (2010)
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Figure 9. Overactuated marine vessel— (t) = [x, y, ]T evolution—comparisons amongst NO FAULT (solid line), CAP
(point-dashed line), LMS F-TCAP (dashed line) and WIN F-TCAP (dotted line).

transverse thrusters. M is the inertia matrix and C( )
and D matrices taking into account Coriolis, centripetal
and damping forces. The matrix J is the usual rotation
matrix around the yaw axis

bis-scaled nonlinear ship model is given by
˙  (t ) = J (  (t  ))
M ˙  (t )+C(  )  (t  )+ D





(t )

+kb J T (  (t ))b(t )
(37)
where u = [u 1 , . . ., u 6 ]T are the input signals representing the percentage of the use of each actuator,
whose action is constrained to belong to |u i |1.
In particular, u 1 and u 2 represent the two identical
main propellers, whereas the other four inputs are the
Copyright q
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⎞
cos( ) − sin( ) 0
⎟
⎜
⎟
⎜
J (  ) = ⎜ sin( ) cos( ) 0⎟ .
⎠
⎝
⎛

= Bu (t )u(t  )

0

0

(38)

1

Finally, in order to show the behavior of the proposed
allocation methods in a realistic environment, the
following disturbance model for marine vessels (see
[39]) is adopted:
ḃ = −Tb−1 b + E b wb ,

(39)
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Figure 10. Overactuated marine vessel—trajectory in
the north–east plane. Comparisons amongst NO FAULT
(solid line), CAP (point-dashed line), LMS F-TCAP
(dashed line) and WIN F-TCAP (dotted line).
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0

⎞
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⎠
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(43)

⎞

⎜
⎟
⎟
Tb = E b = 10−3 ⎜
⎝ 0 1 0⎠ ,

(40)

⎞
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Figure 11. Overactuated marine vessel—trajectory in
the north–east plane—zoom. Comparisons amongst NO
FAULT (solid line), CAP (point-dashed line), LMS
F-TCAP (dashed line) and WIN F-TCAP (dotted line).

where b ∈ R3 is referred to as the bias vector, wb ∈ R3 is
a zero-mean bounded disturbance vector, Tb ∈ R3×3 is a
diagonal matrix containing the bias time constants and
E b a diagonal matrix acting as a scaling factor for the
amplitude of wb . The bias model accounts for slowly
varying forces and torques due to 2nd-order wave loads,
ocean currents and wind errors in modeling of the
constant mooring loads and unmodelled slowly varying
dynamics (see [27] for details). In our simulation we
consider a supply vessel with mass m = 6.4106 (kg) and
length L = 76.2 (m) with the following nondimensional
matrices (reported in [37]):
⎛

128

x [m]

−1.1274u

2010 John Wiley & Sons, Ltd.



⎞
⎟
⎟,
⎠

(41)

0
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Figure 12. Overactuated marine vessel—comparisons between LMS F-TCAP and WIN F-TCAP Estimators.

The following fault occurrence is considered:
(t) = diag{1, 1, 1, 1, 1, 1},

t<61.3(s),

(t) = diag{0.9, 0, 0.5, 1, 1, 1},

(45)

t61.3(s),
corresponding to a slight loss of effectiveness of the first
main propeller, a complete failure of the other one and
a consistent reduction of the effectiveness of a thruster.
The virtual input matrix is chosen to be Bv = I3×3 , and
the following control law
v = K [J ( )K (
T

d−

)− ]

(46)

is considered for the virtual plant, where d is the
desired reference trajectory and K = 0.75I3×3 , K =
0.063I3×3 . CAP is solved by means of a quadratic
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optimization method (13), where Q x = 103 I3×3 , Ru =
I6×6 . The plant has been simulated with a bis-scaled
nondimensional step time h  = 0.02, corresponding to
h = 0.0557(s). The sampling time for both the control
law and the control allocator is ts = 0.2785(s). Simulation results are shown for an initial position vector
T
T
0 = [0, 0, 0] and initial speed vector 0 = [0, 0, 0] .
The reference is the following two way-point trajectory:

d (t) =

⎧
⎪
⎨
⎪
⎩

0

t<5.57s

1

5.57st278.5s

2

t>278.5s

(47)

where 1 = [2, 0, 0]T and 2 = [2, 2, ]T . To show the
effectiveness of the proposed adaptive strategies, this
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Figure 13. Overactuated marine vessel—physical u 1 , u 2 , u 3 inputs—comparisons amongst NO FAULT (solid line),
CAP (point-dashed line), LMS F-TCAP (dashed line) and WIN F-TCAP (dotted line).

example has been simulated under four different configurations:

weighting matrices Q i = 105 I3×3 i = 1, . . ., N and
R = 0.1I6×6 .

• NO FAULT: This is the ‘nominal behavior’ of the
vessel with nominal control allocation and no fault
occurrences. It is used as a benchmark for comparisons.
• CAP: A CAP is solved at each time instant without
any online estimation of the effectiveness matrix.
• LMS F-TCAP: An LMS based F-TCAP is used
with a forgetting factor  = 0.97.
• WIN F-TCAP: A windowed F-TCAP is implemented with window of length N = 24 and

Here, in order to force the convergence of the estimation algorithms for both the LMS F-TCAP and WIN
F-TCAP methods, the injected dither is generated by
means of the following periodic perturbation of the
input allocation weighting matrix Ru :
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Ru = I6 +diag{0.5, 0, 0000} if t mod6 = 0
Ru = I6 +diag{0, 0.5, 0, 000} if t mod6 = 1
Ru = I6 +diag{0, 0, 0.5, 000} if t mod6 = 2
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Figure 14. Overactuated marine vessel—physical u 4 , u 5 , u 6 inputs—comparisons amongst NO FAULT (solid line),
CAP (point-dashed line), LMS F-TCAP (dashed line) and WIN F-TCAP (dotted line).

Ru = I6 +diag{0, 0, 00.500} if t mod6 = 3
Ru = I6 +diag{0, 0, 0, 00.50} if t mod6 = 4
Ru = I6 +diag{0, 0, 0, 000.5} if t mod6 = 5.
Such an action is governed by the threshold logic (24)
with εthr = 6∗10−4.
Figure 9 shows the position of the ship in terms
of earth-fixed coordinates x, y and yaw angle . It is
possible to notice that both F-TCAP methods achieve
a performance close to the nominal behavior. In
Figures 10–11 the trajectories in the x–y space are
plotted. Here, it is possible to observe that while
both F-TCAP methods are able to maintain the ship
essentially over its nominal path, the vessel follows a
rather different trajectory without an adaptive scheme.
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Moreover, as expected, it is possible to observe that
WIN F-TCAP exhibits a slightly better performance
than LMS F-TCAP. This is mostly due to the fact
that, as shown in Figure 12, the windowed algorithm
presents a remarkably faster parameter estimation
convergence w.r.t. to LMS, that, as a consequence, has
a lower capability to distinguish the faulty actuators
from the healthy ones. A further drawback of LMS is
that it estimates equal effectiveness reduction for both
main propellers at the beginning, before a sudden jump
is performed at the correct values.
The above differences are clearly evident in
Figure 13, where the input commands related to the two
main propellers u 1 , u 2 and the thruster u 3 are shown. It
is possible to note the different behavior of the methods
in reconfiguring u 2 during the time interval [100, 120] s.
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Table I. Average computational time.
CAP

57 ms

LMS F-TCAP
WIN F-TCAP

88 ms
108 ms

Owing to the bad estimation results achieved by LMS
F-TCAP in the above interval, the control allocator
is not able to distinguish between faulty and no-faulty
actuators and still it uses u 2 as it would be healthy.
On the contrary, under the adaptive WIN F-TCAP
algorithm, the allocation rules are changed correctly
so as to avoid the use of the failed propeller u 2 and
by decreasing the authority of the thruster u 3 . This is
a significant disadvantage of the LMS method. Please
note that, even if the injected dither is very low and
hardly recognizable, it is anyway sufficient to force the
estimation to the correct parameter values. For the sake
of completeness, in Figure 14 the input commands
related to the thrusters u 4 , u 5 , u 6 have been reported.
Being those actuators not so much influenced by the
considered fault events, the commands applied are
less involved in the reconfiguration. In particular, u 5
and u 6 are practically the same for all four settings
and their plots, in fact, overlap. Finally, in Table I, a
comparison among the average computational times
required by the simple CAP algorithm and the two
F-TCAP methods is presented. It turns out that the use
of the proposed algorithm introduces only a modest
additional computational cost w.r.t. the usual CAP
approach.
To conclude this example some applicative remarks
are in order. First, although in this example a realistic
disturbance model is considered, which includes 2ndorder wave loads, ocean currents and wind errors, it
represents only a limited class of operative scenarios.
More involved situations, including several other kind
of disturbances (first-order waves, wind gusts, etc),
should be considered in real applications (see [39] for
details) and, to counteract their effects, the estimation
algorithms could be equipped with the robust identification expedients discussed in Remark 7. Moreover,
for simplicity the state has been assumed measurable.
In real applications, we would need to filter and merge
data from different sensors to estimate both the state
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and the parameter variations. Note that, in many real
vessels, sensors that directly measure the propeller shaft
speeds and the motor torques may be available. The
availability of such additional measures could be beneficial for control reconfiguration purposes because they
would allow one to directly measure (instead of estimating) the loss of effectiveness due to engine failures.
Moreover, they could be used to obtain a more accurate
estimate of the nominal propeller thrusts (see [40] for
details), to be compared with the one observed in the
vessel motion and used for estimating thrust losses due
to propellers damages or hydrodynamic phenomena (air
ventilation, Coanda effect, etc). This would make the
effectiveness detection more robust and reliable and less
influenced by disturbances and model impairments.

5. CONCLUSIONS
Adaptive schemes to perform fault-tolerant control
allocation for nonlinear discrete-time systems subject to
actuator loss of effectiveness faults have been proposed
and analyzed. Two strategies have been outlined and
their properties investigated. The effectiveness of the
proposed method is shown by means of two final
numerical examples. Theoretical investigations toward
more general class of faults and control structures, also
in the presence of process and output measurement
disturbances, are in progress.
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